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We presert a new visualization of the proper-time elapsed along an obsener's worldline. By
supplemerting worldlines with light clocks, the measuremern of space-time intervals is reduced to
the \counting of ticks." The resulting space-time diagrams are pedagogically attractiv e because
they emphasizethe relativistic view that \time is what is measuredby an obsener's clock."

I.  INTR ODUCTION

Einstein's special relativit y [1] forcesus to revise our common-senseotions of time. In-
deed, clocks in relative motion will generally disagreeon the elapsedtime interval measured
betweentwo meeting everts. The discrepancyis practically undetectable for everyday rela-
tive speeds,but it is quite signi cant when the relative speedsare comparableto the speed
of light. It is therefore necessanyto distinguish thesetime intervals. Thus, we de ne for eact
obsener his \prop er-time" asthe elapsedtime interval measuredby his clock. The goal of
this paper is to "nd a physically intuitiv e visualization of this concept of proper-time.

Many textb ooks [2{6] intro duce proper-time by analyzing the propagation of a light in
a light clock, [1, 7{11] which consists of a pair of mirrors that face ead other and are
separatedby a proper distanceL. One\tic k" of this clock is the duration of oneround trip
of a light ray bouncing badk and forth betweenthesemirrors. The analysisis usually done
in the context of a simpli ed Michelson-Morley apparatus [12] whosearms may be regarded
aslight clocks. Unfortunately, most of these presenations [2, 3, 5] work in moving frames
of referencewithout making the connectionto the space-timeformulation, rst introduced
by Minkowski[13] in 1907 and later extendedby Einstein.[14]

Let us recall a quote from J.L. Synge:

...We have in the special theory of relativit y the Mink owskian geometry of
a °at 4-spacewith inde nite metric... Unfortunately, it has been customary
to avoid this geometry, and to reasonin terms of moving frames of reference,
ead with its own Euclidean geometry As aresult, intuition about Mink owskian
space-timeis weak and sometimesfaulty.... [15]

Indeed, when studying obseners in relative motion, it is advantageous to draw a
spacetime-diagramof the situation. However, we are immediately facedwith an important
guestion: \how does one know where to mark o®the ticks of ead clock?" More precisely
\giv en a standard of time marked on an obsener's worldline, how does one calibrate the
samestandard on the other obsener's worldline?"

One approad is to usethe invariance of the speed of light to algebraically demonstrate
the invariance of the spacetime-irterval, from which the equation of a hyperbola arises.
[4, 13] Then, for inertial obseners that meet at a common evert O, it can be shawvn that
the corresponding ticks on their clocks [synchronized at event O] trace out hyperbolas on
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FIG. 1: For inertial observers meeting at event O, the corresponding ticks of their clocks [synchro-
nized at event O] trace out hyperbolas certered about event O.

a spacetimediagram. (SeeFigure 1.) Once this result is established, many of the results
of special relativity follow. This approadc, however, is probably too sophisticated for a
novice. Its connectionwith the standard textb ook approad, usingthe more familiar (though
provisional) physical conceptsof time and space,is not readily apparert.

In this paper, we connect the two approadcesby drawing the spacetime-diagramof the
Michelson-Morley apparatus. Surprisingly, the only other spacetime-diagramof the appa-
ratus is a rough sketch in Synge'sRelativity: The Special Theory.[16]

The resulting diagram providesa visualization of proper-time which explicitly incorporates
the principle of relativit y and the invariance of the speedof light. The standard \e®ects" of
time-dilation, length-contraction, and the relativit y of simultaneity are easily inferred from
the diagram. In addition, we show that standard calculations [2, 3, 6, 17{19] of the Clock
E®ectand the Doppler E®ectcan be reducedto the \counting of ticks." We feelthat the
resulting diagrams are pedagogically attractiv e since they emphasizethe relativistic view
that \time is measuredby an obsener's clock."

In the last section, we will consider a simpli ed version of our clock, called the \lon-
gitudinal light clock." Although this encades fewer features than the full light clock, the
longitudinal light clock is easyto draw manually.

In this paper, we have provided the detailed calculations used to draw the diagrams.
However, we believe that one can rst qualitativ ely construct the diagram for the novice,
emphasizingthe physical principles rst. Then, for thoseinterested, one can cortin ue quan-
titativ ely with the analytical construction.

Following the standard corvertions for spacetime diagrams, time runs upward on our
spacetimediagrams. The scalesof the axesare chosenso that light rays are drawn at 45
degrees.



Il. A SIMPLIFIED MICHELSON-MORLEY APP ARA TUS
A. An apparatus at rest

Our simpli ed Michelson-Morley apparatus has a light sourceat the origin and two mir-
rors, ead located a distance L along a set of perpendicular arms.

First, let usdraw the spacetimediagram of the apparatus in its inertial rest-frame, called
the \A-frame." The coordinates (x; y;t) will be usedto describe the events from this frame.
Sincerelative motion will be takento be alongthe x-axis, the mirror alongthe x-axis will be
calledthe \longitudinal mirror" and the mirror alongthe y-axiswill be calledthe \transv erse
mirror."

The worldlines of A's light sourceand mirrors a/re described parametrically by

9
x(t)=10
A's light source
ight sou RAR %
] H ) = -
A's transversemirror 1
y(v) = @
7 =1L
o . x(t) =
A's longitudinal mirror ;
9 y(t) = 0:

Specialrelativit y tells usthat, in all inertial frames,light travelsthrough the vacuumwith
speedc in all spatial directions, wherethe speedc hasthe value[2Q of 2:9979245& 108 m=s.
Let event O, with coordinates (0;0;0), mark the emissionof a °ash of light from the
source. One light ray emitted at evernt O reachesthe tra1?sversemirror at evernt
Il
L
Ya : 0 L, —
A o
since light travels with speed c for a time L=c in order to reach the transverse mirror a
distance L away. Its re°ection is received badk at the sourceat event
M
L
Ta : o 0 2—
A c
Similarly, onelight ray reachesthe longitudinal mirror at evert
L
Xa: L, 0 — ;
A c
and its re°ection is alsoreceived at event Ta. Hence,the two rays, emitted at event O and
directed in di®eren directions, are received at a common evernt T, whosecoordinates are
(0; 0; 2L=c). (SeeFigure 2.)

If one arrangesanother light ray to be emitted upon reception (for example, by placing
suitably oriented mirrors at the source),then this apparatus can serve asa simple clock|the
light clock.

The reception event Tp marks one\tic k" of this clock. This tick will be chosento be the
\standard tick." The elapsedtime loggedby an obsener sitting at the sourceis equal to
the number of ticks multiplied by 2L=c, the duration of one round trip of a light ray.[2]]
If a ner scaleof time is required, one can increasethe resolution by choosing a smaller
separationL. In addition, note that the re°ection everts X 5 and Ya, which are on mirrors
equidistant from the source,can be regarded as \half-tic ks" of this clock. We de ne these
half-ticks to be \sim ultaneous everts for this clock."
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FIG. 2: This is the spacetime diagram of a simplied Michelson-Morley apparatus in its rest-frame.
(The x- and y-axes are marked in units of L. The t-axis is marked in units of L=c.)

B. An apparatus in motion

Now, suppose an identical apparatus moves with spatial-velocity v parallel to the x-
axis of the A-frame. This moving inertial-frame will be called the \B-frame,"” and the
coordinates (x%y%t9 will be usedto describe everts from this frame. For simplicity, the
origins of the primed and unprimed coordinate systemsare takento coincide at the emission
ewvert O. In addition, the corresponding spatial axesare assumedto be spatially-parallel[22]
within ead inertial-frame.

SinceB's apparatus is identical to A's, the worldlines of B's light sourceand mirrors are
described parametrically by

9
. xqt9 =0
B's light source
g Y1) = 0 §
1
. xX(t9)=0 ~
B's transversemirror 2
Yo = L § @
s
B's longitudinal mirror x{t)

What doesthe spacetimediagram of this moving apparatus look like in the A-frame? In
particular, what are the (x;y;t) coordinates of the worldlines of the moving apparatus and
of the events Xg, Yg, and Tg ?

SinceB's light sourcemoveswith velocity v in the x-direction, it is described as:

Ya
s X(t) = vt
B's light source
9 y(t) = O
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FIG. 3: On A's xy-plane, the spatial trajectories of B's transverse arm and its assciated light
rays are drawn. The marked dot corresponds to the spatial coordinates of B's rst \tic k," which
occurs after an elapsedtime tg in the A-frame. Let ty be the elapsedtime for a light ray from
event O to reach B's transverse mirror. Using the Pythagorean theorem, it can be shown that
ty = (L=c)(1 i (v=0?2)! ¥¥2. By symmetry, it follows that tg = (2L=c)(1; (v=0)?)! 2, which is
longer than the duration of A's tick, (2L=c). This is called the \time dilation" e®ect.(The x- and
y-axes are marked in units of L.)

Similarly, sinceB's transverse mirror also moveswith velocity v in the x-direction, it is
described as:[23

Y

x(t) = vt
y(t) = L:

Due to this mirror's motion, the light ray from event O that meetsthis mirror must travel a
longer distance in the A-frame. (SeeFigure 3.) Using the Pythagoreantheorem, it is easily
shawn that this distanceis L=(1j (v=092)72. Thus, the re°ection evert on B's transverse
mirror is

B's transversemirror

A |
° ¢’ 1 (v=92° ¢ 1j (v=0?

Using a similar argumert, the re°ected ray is received by B's sourceat:
A !

N N N S
o TR =" AR v (=

Note that, in the A-frame, evert Tg (\the rst tick of the moving clock") occurslater than
Ta (the Trst tick of the stationary clock"). This is the \time dilation" e®ect.

Now, let us considerthe longitudinal mirror. Recall that the re°ected light rays for A's
apparatus were received by A's sourceat a common evernt, namely, Ta. According to the
principle of relativity, the apparatusescannot distinguish their states of inertial motion.
Thus, the re°ected light rays for B's apparatus must also be received by B's sourceat a
commoneven, here, Tg.

The required re°ection evert Xg on B's longitudinal mirror is determined as follows.
Event X is the intersection on the xt-plane of the forward-directed light ray from evert O
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FIG. 4: On A's xt-plane, the worldlines of B's longitudinal arm and its assaiated light rays are
drawn. The marked dot corresponds to B's rst \tic k" Let ° be the apparent length of B's
longitudinal arm. Let tx be the elapsedtime for a light ray from event O to reach B's longitudinal
mirror. Sincectx = vtg + c(tg | tx) andts = (2L=c)(1 i (v=0)?)' ¥*2, it can be shown that tx =
(L=c)((1 + v=9=(1; v=0))'™2. Furthermore, sincectx = vtx + °, it followsthat ~ = L(1; (v=0)?)'2,
which is shorter than the proper length L of A's identical apparatus. This is the \length contraction”
e®ect. (The x-axis is marked in units of L. The t-axis is marked in units of L=c.)

and the badkward-directed light ray toward event Tg . (SeeFigure 4.) After alittle algebra,
the re°ection evert on B's longitudinal mirror is determined to be
L 1i (v=02 L 1j (v=0?2
. i (v=92 i (v=9

Xg :
B Ci Vv Cci Vv
Thus, B's longitudinal mirror is described by:
“x = wr L7 17 o2
I . X(t) = vt + i (Vv=0Q
B's longitudinal mirror !
g y(t) = O:
Note that, in the A-frame, the length of B's longitudinal arm is L(1 (v=0?2)'=2, which is
shorter than its proper length L. This is the \length cortraction” e®ect.
This completesthe construction of B's apparatus.
As a ched, note that theseresults can be obtained directly from the Lorentz transforma-
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FIG. 5: This is A's spacetimediagram of B's identical apparatus, which moveswith velocity v = 0:8c
along A's x-axis.

tion:
o = ti vx=c? %
1i (v=02 2
0 = Xi vt (3)
1i (v=0?2 §
yo =y '

For instance, given the worldlines for B's apparatus in (x%y® t%-coordinates (Equation 2),
expressionsfor x and y as functions of t can be obtained:

s ) 9
X(t) = vt
B's source
y(t)=0 %
5 (t) t -
. x(t) = v
B's transversemirror 4
y(t) = L @

Y p %
x(t)=vt+L 1j (v=02
y(t) = 0 ’

Similarly, given the (x%y®% t9-coordinates of B's tick and half-ticks, the (x; y; t)-coordinates
of Xg, Yg, and Tg can be obtained.

Theseresults are summarizedin Figure 5.

In addition to the time-dilation and length-cortraction e®ects,note that the events Xg
and Yg, which are de ned to be simultaneous accordingto B's clock, are not simultaneous
accordingto A's clock. This is the \relativit y of simultaneity."

B's longitudinal mirror
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FIG. 6: This is A's spacetime diagram of B's identical apparatus without length contraction. Ob-
servethat without length contraction, the light rays re°ected by the moving mirrors are not received
simultaneously (at Tg) by the moving source.

In passing, we note that the length-cortraction factor (1 (v=092)¥2, which is missing
in the Galilean transformations,[24] enforcesthe requiremert that the re°ection occur at
evert X sothat the re°ected light ray is received at evert Tg . Without length contraction,
the re°ection would have occurred at evert X g5 , and the reception event Ug, would have
occurred at the source after event Tg. (SeeFigure 6.) Suc a result would violate the
principle of relativity since one'sinertial state of motion could now be detected. Indeed,
the apparatus of Michelsonand Morley was usedto measurethe predicted time di®erence
between events Ugy and Tg, in accordancewith the Galilean transformations. However,
no time di®erencewas experimentally obsened.[12 25

For clarity, it is useful to intro duce the standard abbreviations. Let ° denote the time-
dilation factor

1

o p 7, 5
1i (v=02 ©)
and let k denote the Doppler-Bondi factor[19, 26]
s
1+ (v=0
k —_— 6
1i (v=0 ©
With theseabbreviations, the coordinates of Xg, Yg, and Tg can be expressedas
H L 1
Xg : kL; O; kE

L
Yg : °v—; L; °
B c
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For the examplesused throughout this paper, the B-frame moves with velocity v = 0:8c
relative to the A-frame. For this choice, we have ° = 5=3 and k = 3.
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11l CIR CULAR LIGHT CLOCKS

A. A generalized apparatus

Generalizing the analysis of the last section, it is easyto seethat:

With any relative orientation of the arms one would obtain the sameresults:

1. Light rays emitted by the sourceat event O to mirrors a distance L away
would be received badk at the sourceat a time 2L=c later.

2. The re°ection everts at the mirrors are simultaneous according to that
source.

So, instead of a pair of equidistant mirrors, considera whole collection of mirrors placed
inside a circle [generally, a sphere]of radius L. Henceforth, this will be called the \circular
light clock."[27] What would the spacetimediagram of this light clock look like?

In this case,one would have a hollow worldtube to describe the collection of mirrors for
ead clock. In addition, for ead tick of a given clock, one would draw the portion of its
light conecontained inside the clock's worldtub e. Theseconesrepresen events in spacetime
traced out by the collection of light rays that re°ect o®the mirrors from tick to tick. (See
Figure 7.)

Ts
XB

Ta \C

Ya
Xa

FIG. 7: Two circular light clocks in relative motion. For ead light clock, the intersection of the
worldtub e and the light conesfrom two consecutive ticks is a circle of simultaneous events for that
clock. The white dots represen events at the sourcethat are simultaneous with the corresponding
circle of intersection. Note that the \moving" circular mirror is length-contracted in this inertial
frame.

In particular, the stationary light clock will be drawn with a circular cross-section.The
moving one will be drawn tilted with an elliptical cross-sectionsinceit is length-cortracted
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in the direction of relative motion. Then, given a starting emissionevent on the axis of each
worldtub e, one traces out the paths of the light rays and their re°ections, which are drawn
upward with a slope of 45 degreesin this diagram. For simplicity, the starting emission
evert O is taken to be the intersection of the two sources. (Refer again to Figure 7.)

We now make a seriesof obsenations.

Note that the original pair of re°ection events X 5 and Y (and Xg and Yg, respectively)
are amongthe events on the circle of mutual intersectionsof the worldtub e of the light clock
and the light conesof its zeroth and rst ticks. We extend our de nition of simultaneity
accordingto this clock to that circle of everts. In fact, one can extend this simultaneity to
everts on the unique [hyper]planethat cortains this circle [respectively, sphere]. Physically,
this [hyper]plane represerts \all of spaceat a particular instant for this light clock." Again
note that the ewvents that are simultaneous to this light clock are generally di®erert from
those events determined to be simultaneous by the other light clock.

With this notion of simultaneity, the light conescan be interpreted in a complemenary
way. For ead light clock, a simultaneous\slice" of its conesrepreserts a circular [respec-
tively, sphericallwavefront traveling at the speedof light. Hence,the light conecan alsobe
interpreted as a sequenceof wavefronts traveling at the speedof light.[28]
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FIG. 8: Two inertial obseners carry circular light clocks. For eac clock, the portion of the second
tick's light coneinside the worldtub e is highlighted.

B. Visualizing prop er-time

By cortinuing this light-clock construction along ead inertial obsener's worldtub e, an
accurate visual represenation of the proper time elapsedfor ead obsener is obtained. (See
Figure 8.) From the diagram, howewer, it may not be evidernt that the two obseners are
equivalert.

First, we demonstrate their symmetry with the Doppler E®ect. Suppose these inertial
obseners emit light signalsat one-tick intervals. From the diagram, eac obsener receives
those signals from the other obsener at three-tick intervals. In other words, the received
frequency is one-third of the original frequency in accordancewith the Doppler e®ectfor
two obseners separating with speedv = 0:8c. In general,a light ray emitted by a sourceat
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FIG. 9: Symmetry of the obserers: The Doppler and Time-Dilation e®ects. For a relativ e speed
of v= 0:8c, we have ° = 5=3 and k = 3.

its “rst tick after separation reachesthe receiwer at the receiver's kth tick after separation,
where k is the Doppler-Bondi factor de ned in equation 6. This is the basis of the Bondi
k-calculus.[19 26, 29, 30] (SeeFigure 9.)

Next, we demonstrate their symmetry with the time-dilation e®ect. Consider the signal
emitted at the rst tick. As just noted, this signal is received by the receiwer at his third
tick. According to the sourceof that signal, that distant reception evert is simultaneous
with his “fth tick. In other words, the apparernt elapsedtime assignedto a distant evert is
v e-thirds aslong as the proper elapsedtime measuredby the inertial obsener who visits
that distant event. In general, the apparern elapsedtime assignedto a distant evert is °
times as long as the the proper elapsedtime measuredby the inertial obsener who meets
that distant evert, where ° is the time-dilation factor de ned in equation 5. (Refer again
to Figure 9.)

In addition, the source measuresthe apparernt distance to that reception event to be
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Sincel is the radius of the worldtub e and 1 tick = (2L=c), this distance can be expressed
as \four worldtub e diameters" This suggeststhe diagramsin Figure 10. Of course,this is
just the calculation of the square-irterval in terms of the temporal and spatial coordinates
1 1 1
H proper 2 _ H apparert 2 o1 H apparert z
time time :

2 distance
(3 ticks)? = (5 ticks)? (4 ticks)?:
which can be regardedas the spacetimeversion of the Pythagorean theorem. Note that for

a constart value of the proper-time, the admissiblepairs of temporal and spatial coordinates
locate everts on a hyperbola.

@
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FIG. 10: Symmetry of the obserners: The spacetime analogue of the Pythagorean Theorem:
(proper-time)? = (apparent-time )2 j (apparent-distance=c)2.
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FIG. 11: The Clock E®ect. A non-inertial obsener travels away with velocity v = 0:8c for 3 ticks,
the returns with velocity v = j 0:8c for another 3 ticks. Betweenthe departure and reunion evernts,
he has logged 6 ticks for his ertire trip, whereasthe inertial observer has logged 10 ticks.

C. The Clock E®ect

With this pictorial device, we presen a visual represettation of the Clock E®ect. (See

Figure 11.)
From the diagram, the non-inertial obsener travels away with velocity v = 0:8c for 3
ticks, the returns with velocity v = | 0:8c for another 3 ticks. Betweenthe departure and

reunion everts, he has logged 6 ticks for his ertire trip. On the other hand, the inertial
clock logs

(rst 3 ticks) N (seconda3 ticks)
"1 (0:8c=92  1; (j 0:8c=92

= 10ticks
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betweenthe samedeparture and reunion everts.

Clearly, the diagram revealsthat more time elapsesfor the inertial obsener that meets
both everts.

In addition, the two obseners are certainly inequivalert. The kink in the non-inertial
worldline causesthe sequenceof simultaneous events to change discortinuously, leading to
the apparert break in the non-inertial worldtub e. This is not to say that the non-inertial
worldtub e actually breaks. Rather, it is an artifact of how the diagram wasdrawn. In order
to draw the true worldtub e, a more careful analysiswith a detailed model of the apparatus
is needed. We refer the readerto somearticles on the Clock E®ectthat discussthis kink in
the non-inertial obsener's worldline.[10, 19, 30]

D. A brief summary

Let us summarizethe logical developmert up to this point.

Giventhe simpli ed Michelson-Morley apparatus in relative motion, the invariance of the
speed of light (so that all light rays are drawn at an angle of 45 degrees)is usedto draw
the light rays assaiated with the perpendicular arm. Invoking the principle of relativit y
(sothat the duration of the round-trip de nesthe samestandard tick), we deducethe e®ect
of time dilation. Again using the invariance of the speed of light, we draw the light rays
assaiated with the parallel arm. Again invoking the principle of relativit y, we deducethe
e®ectsof length contraction and the relativit y of simultaneity.

Generalizing these results to arbitrary directions, we obtain the circular light clock. By
cortinuing this construction along a piecewise-inertialworldline, we obtain a visual repre-
sertation of the proper-time elapsedalong that worldline.
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FIG. 12: Two longitudinal light clocks. The apparent length * of the moving apparatus was shovn
to beL(1j (v=0?)=2.

IV.  LONGITUDINAL LIGHT CLOCKS

Let us now considera simpli ed two-dimensionalversion of the light clock diagram. Con-
sider the worldlines of the sourceand of one longitudinal mirror, that is, the longitudinal
light clock. As before,the moving light clock appearslength-contracted in the direction of
relative motion. In this case,we have the following diagrams. (SeeFigures 12 and 13.)

Although these gures are much easierto draw, it is unfortunate that the role of length
cortraction appears here so prominently. Recall that event Tg was determined using the
invariance of the speed of light and the principle of relativity, which required that the
transverseand longitudinal re°ections be received simultaneously at the source. However,
without the transversedirection, the role of invariance may not be evidert.

In this section, we will draw attention to a certain geometric property of this diagram
and useit to emphasizeinstead the \in variance of the spacetimeinterval”.
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FIG. 13: The Clock E®ect with the longitudinal light clocks.

A. A simple construction

Refer to the diagram of two longitudinal light clocks. (SeeFigure 14.)

Consider the triangles 4 OXATa and 4 OXg Tg, which are formed from the timelike
intervals from evert O to the rst ticks and their ass@iated light rays. Since,on a spacetime
diagram, events To and Tg are at equal intervals from event O, they lie on a rectangular
hyperbola asymptotic to the light coneof evert O. From this, it can be shown that these
triangles (which are related by Lorentz transformations) have the samearea. In fact, we
will show in SectionlV B that this areais proportional to the square-irterval of onetick.[31]

Using the similarity of triangles 4 OXAF and 4 OXgTg and the relation k =
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FIG. 14: Since Ta and Tg are points of this hyperbola, the triangles 4 OXATa and 4 OXg Tg
have the samearea. Let k = (OXg)=(OXa). Using the similiarit y of the triangles 4 OXAF and
4 OXgTeg, it follows that (XaF)=(XaTa) = 1=k?. With these facts, given O, Ta, Xa, and F, one
can easily determine Xg and Tg. (It will be shown that k is precisely the Doppler-Bondi factor.)

(OXg)=(0OXa), we obtain the useful corollary that

With this property, we can now draw the longitudinal light clock with the emphasison the
invariance of the interval, rather than on length cortraction.

Given the standard tick for the stationary obsener (events O, Ta, and X,) and the
worldline of a moving obsener (line OF), one can determine the standard tick for the
moving obsener (evernts O, Xg and Tg) asfollows.

2 Measure(XaF)=(XaTa). [For a classraom activity, one might use a sheet of graph
paper with its axesaligned with the future light coneof evert O.]

2 Calculate k using the corollary (X aF)=(XaTa) = 1=k?. (In the next section, we show
that k is equalto the Doppler-Bondi factor.)

2 Determine the re°ection event Xg along the outgoing light ray using the relation
k = (OXB):(OXA)

2 Determine the reception event Tg by tracing the re°ected light ray badk onto the
moving worldline. This displays the time dilation e®ect.

2 Determine the worldline of the longitudinal mirror by drawing through X g the parallel
to OF. This displays the length contraction e®ect.

2 Finally, determine a set of simultaneous everts for this clock by rst completing the
parallelogramwith sidesOXg and Xg Tg and then drawing the diagonal through Xg .
This displays the relativit y of simultaneity.

B. An invariant area

The following calculation revealsthat this areaof the triangles usedin the previous secion
is proportional to the square-irterval of onetick.[31]
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hyperbola
2=1% (x=02=2

FIG. 15: The legsof triangle 4 OX T have measure» = (2)' 1*2(t + x=c) and ~ = (2)' ¥*2(t| x=c).

Since we will be discussingan aspect of the geometry of the spacetime diagram, it is
conveniert to work with a more natural setof coordinates (x=c;t), wherenow ead coordinate
hasthe sameunits.

Considerthe segmen drawn from the emissionevent O to any evert T with coordinates
(x=c;t). (SeeFigure 15.) Regard that segmen as the hypotenuse of a Euclidean right

triangle whosesidesare parallel to the light coneof evernt O. The legsof this triangle have
measure

t+ x=c . ti x=c
»:—pé— :_pé—:

These are called the Dirac light-cone coordinates[31, 32] of evert T in the A-frame. In
these coordinates, the Euclidean area of this triangle is simply » =2, which is equal to
(t2j (x=c)?)=4. That is, the Euclidean area of triangle 4 OX T is equal to one-fourth of the
square-irterval from evert O to evernt T.

Let us explicitly verify that this areais invariant under Lorentz transformations. [33]
Using Equation 3, the light-cone coordinates of evert T in the B-frame are

oo %+ x%c _ 031_ !'ut+ X=cC
P3 ¢ 2
- kit t+ x=c - kil
2
.o t% x%c : 'pt. :cﬂ
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= k t—|9—i )%:C = k';

wherek is Doppler-Bondi factor de ned in Equation 6. Thus, the quantity »” =2 is Lorentz
invariant.

It isinstructiv eto interpret this geometrically. For concretenesslet T = Tg and X = Xpg.
In this case,the Lorentz transformation sets OTg to be at rest in the B-frame. Imagine
sliding Tg down along the hyperbola until OTg is vertical. As that happens, Xg slides
down the light cone,scalingthe »-leg down by a factor k and scaling” -leg up by a factor k.
Thus, the area of triangle 4 OX T is invariant.

We extend this result to the parallelogram formed with light rays OXg and Xg Tz, i.e.,
the \ar ea of intersection between the interior of O's future light-cone and the interior of Tg's
past light-cone." Clearly, this areais invariant and is proportional to the square-irterval of
onetick.

In fact, this result generalizesto higher-dimensions:the analogousvolume of intersection
betweenthe light-cone interiors is also invariant and is proportional to the square-irterval
of one tick. We shaw this for the 3- and 4-dimensional case. The Euclidean volume of
a cone with an elliptical baseis (Yabh=3, where a and b are the semi-mgor and semi-
minor axesof the elliptical base,and h is the altitude of the cone. In four dimensions,the
hypervolume of a conewith an ellipsoidal baseis (4¥ab?=3)h=4. Sincebis a length alongthe
transverse direction, it is unchanged under a Lorentz transformation. Regarding 4 OSX
in Figure 15 as the xt-cross-sectionof the light cone of event O, obsene that its areais
(2a)h=2 = ah. Using the symmetries of the parallelogram, the area of 4 OSX is equal to
the areaof 4 OX T. Thus, ah isinvariant. It followsthat the volume of intersection between
the light-cone interiors is invariant.

V. FINAL REMARKS

By drawing the spacetimediagram of a Michelson-Morley apparatus, we have obtained
an accurate visualization of the proper-time elapsedalong a piecewise-inertial obsener's
worldline. Measuremerts of spacetimeintervals have beenreducedto the courting of ticks,
emphasizingthe relativistic view that \time is measuredby an obsener's clock." We believe
that the resulting diagram can be used to discussspecial relativity in a qualitative way
which emphasizesthe physics rst and the algebra second. We feel this could easily be
incorporated into the standard textb ook treatments of special relativit y, which often discuss
the Michelson-Morley experimernt.

The ideaspreseried in this paper are beingimplemenrted in a seriesof interactive computer
programs which will be postedto our website. [34]
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