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We apply optimization algorithms to the problem of finding ground states for crystalline surfaces
and flux-line arrays in the presence of disorder. The algorithms provide ground states in polynomial
time, which provides for a more precise study of the interface widths than from Monte Carlo
simulations at finite temperature. Using = 2 systems up to sizet20?, with a minimum of
2 X 10° realizations at each size, we find very strong evidence foP@. )Jrsuper-rough state at low
temperatures. [S0031-9007(96)01399-3]

PACS numbers: 74.60.Ge, 02.60.Pn, 64.70.Pf

The flux-line arrays formed in a 2D type-ll dirty su- predict the persistence of the(lr) behavior but with the
perconductor with the magnetic field parallel to the plangprefactorunchangingor T <= T,.
and the surface configurations of a crystalline defect-free Numerical simulations have differed in their results as
material deposited on a disordered substrate (DS) amell. Simulations of the RSGM with weak coupling have
closely related systems. They have been studied for botsthown no transition at all [3]. Others have shown a
the intrinsic interest and because they serve as prototypiransition with a IiL) [4] or a I’(L) behavior [5]. Monte
cal models for elastic media in a disordered environmentCarlo simulations of the discrete Gaussian version of the
Both have low temperature glassy phases in whichmodel have exhibited the transition, but the behavior of
equilibrium and dynamic properties are dominated by thehe roughness could better fit the(An [6] or the IP(L)
disorder. In the continuum limit they are both described7], depending on the way the data were interpreted.
by the random-phase sine-Gordon model (RSGM). How- As shown below we find very strong evidence that
ever, analytic attempts at understanding the equilibriunthe ground-state configurations for both systems exhibit a
properties of the glassy phase based on the RSGM hawe?(L) roughness. This reinforces the RG predictions and,
yielded conflicting results [1,2]. Finite-temperature simu-moreover, indicates that they hold all the wayrte= 0, a
lations of the RSGM or the corresponding discretemuch wider temperature range than might be anticipated.
Gaussian model for the disordered substrate have alde are able to make strong conclusions since we are able
been ambiguous [3—7]. Moreover, it is not clear to whatto calculate averages over many more realizations and at
extent universality arguments, which yield the RSGM adarger length scales. As we show below, studying the
the continuum limit, can be trusted at temperatures weltorrelation function in wave-vector space also allows for
below the glass transition. a clearer distinction between the two predictions.

The aim of the present work is to address both issues To be specific, the ground-state properties of two in-
by finding the exact minimum energy configurations interface models with quenched random impurities are
discrete models of the DS surface and that of the fluxinvestigated in this Letter. The first model, i.e., the
line arrays. This yields theifl = 0 shapes for any disordered-substrate surface model [6], is described by
given disorder realization; averaging over disorder allowsheight variables:; defined on every sité of a square lat-
for the evaluation of their averaged physical propertiestice. The coupling between height variables is governed
In particular, the quantities that theory and simulationby the following Hamiltonian:
have focused on are the height-height correlations in the
disordered substrate model and the line-line correlations H, = k Z |hi — hyl, ()
in the flux-line model. The flux-line system is discretized (8)
by its mapping to a surface model (see below), and on#herex is the step energy, and the summation runs over
may observe the transition by inspecting the roughnesall nearest-neighbor bonds of the square lattice. (The
scaling of the respective surfaces instead. The transitiodiscrete Gaussian model usually replaces this Hamiltonian
into the glassy phase is exhibited by a change in theseear and abovel. where they belong to the same
height-height correlations in both models. universality class.) In the case of a flat substrate/the

The predictions from the analytic studies of the RSGMtakes integer values. To model the disordered substrate,
are as follows: Above the transition temperatdre= however, the height;; takes the values; = n; + d;,

T, the surface is always logarithmically rough, with wheren; is an integer and the quenched random height
a prefactor proportional toI'. Below the transition d; is chosen uniformly (and independently for each
temperature, renormalization group (RG) calculations [1kite) in the interval(—1/2, +1/2]. Clearly, any surface

predict a IR(L) behavior, while variational approaches [2] configuration can be viewed as an interface along the
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(001) direction of a simple cubic lattice with the substratedimer covering of the hexagonal lattice. The flux-line
being identified with the basal plane. representation results from the transition graph (superpo-
The second model is the triangular Ising solid-on-solidsition of the two dimer-covering configurations) between
(TISOS) model [8], where the surface configuration isan arbitrary dimer-covering and a fixed reference dimer-
described by height variables; which are defined on covering configuration where all vertical bonds of the
every sitei of a triangular lattice and take only integer hexagonal lattice are covered with dimers. Here the ver-
values. The Hamiltonian is chosen to be of the form tical direction then specifies the direction of the flux lines

(or the direction of an external magnetic field). See Fig. 1
H, = Z Jij(lhi — hjl — 1), (2) for an explicit illustration. LetE,, E;, andE; denote the
) sum of the energies of all vertical bonds, of all bonds

where the summation again runs over all nearest-neighbdhat are covered by dimers, and of all bonds that coincide
bonds, and the coupling constantg are chosen uni- ywth the flux lines, respectively. The following equal-
formly (and independently for each bond) in the intervality then holds:E,({J;;}) — E,({J;;}) = E;({K;;}) — nL,
[0, 1] to simulate the quenched point disorder. In contrasWheren signifies the number of flux lineg, is the length
to the first model, the following further constraints are Of the system (see Fig. 1), ark; denotes a transformed
imposed on the height variables: (1) The height differ-Sét of random bonds according &, = J;; for all non-
encelh; — h;| for every bond must be either 1 or 2, and Vertical bonds, and;; = 1 — J; for all vertical bonds.
(2) the total height increment (clockwise or counterclock-This simple exercise therefore demonstrates that all dif-
wise) along any elementary triangle is zero. See Fig. ferent representations [interface along the (111) direction,
for an example of this construction. It is straightforward dimers, flux lines] are also energetically equivalent with
to check that the SOS surface so defined describes an if-Suitable transformation of the random bonds that still
terface along the (111) direction of a simple cubic lattice.Maintains its uniform and independent distribution.

There exists yet another well-known representation of For the purpose of comparison, we now briefly sum-
the TISOS model [8], i.e., the dimer-covering model Marize the known results_on the ground—statg properties
on a hexagonal lattice, which not only makes transOf the above two models in the absence of disorder. In

parent the equivalence of the TISOS to an array ofhe DS model, the surface is trivially flat (constan).
self-avoiding flux lines ind = 2 dimensions but also fa- N the latter case (TISOS), however, the ground state is
cilitates the implementation of an efficient network opti- highly degenerate with a macroscopic entropy per lat-
mization algorithm to study the ground-state properties ofice site [9]. By exploring the equivalence between the
the TISOS model. Here each bond on the triangular latground-state ensemble of TISOS and that of the antifer-
tice with |h; — h;| = 2 is identified with a dimer on the romagnetic Ising model on a triangular lattice (thus the
dual bond of the hexagonal lattice. See Fig. 1 for a diahame TISOS), Blote and Hilhorst [10] have shown that
gram of this construction. A simple inspection shows thathe ground state is logarithmically rough due to the en-
a surface configuratiofi;} is mapped onto a complete tropic fluctuations. The structure factstk) = (|A(k)|*)

in the long wavelength limit is given b§(k) = (K k)™,

with the stiffness constank; = 77/9. The width W

of the surface then satisfie§? = {h%(7)} — {h(F)}* =
(wK) 'In(L) + ... for L — o, where L is the linear
size of the system. Here we have ugédor the average
over lattice sites, and-) for the ground-state ensemble
average.

The problem of finding the ground states of the above
models in the presence of disorder is that of minimizing
the total energy given by Egs. (1) and (2), respectively.
Different representations of the models naturally lend
themselves to various efficient network optimization al-
gorithms, of which we employed the network maximum-
flow algorithm and the minimum-cost perfect matching
algorithm [11] by utilizing the interface and dimer-

L=3 covering representations, respectively.
FIG. 1. Various representations of the TISOS model. The Inthe case of the interface representation, we apply the
height variables defined on each vertex of the triangular lattic@lgorithm presented in [12]. For a directed graph with
(dashed lines) are shown in the figure. The equivalent dimegiven “edge capacities” indicating the maximum amount

covering is indicated by the thick bonds on the dual hexagong fjyid that can flow from one node to another along the
lattice. The corresponding two flux lines are displayed as. ted ed th . fl lqorithm det .
contiguous triple lines. The linear size of the system is denotedirécted edge, the maximum flow algorithm determines

by L (=3). Periodic boundary conditions are imposed (twistedtheé maximum amount of flow that can be sustained be-
from top to bottom). tween two given nodes, the source and the sink, given
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flow conservation at all other nodes. It is easily shownlogarithmic-linear scale: For both the DS and TISOS
that the maximum flow value is identical to the value models, such a fit gives a line well outside the statistical
of the minimum “cut,” which is defined as the weight error bars for any range of data over more than a factor of
of the set of edges with minimum total capacities that,2 in L. This is evidence that the proposal th&g(L) ~
when cut, disconnect the source and the sink [11]. Thisn(Z) does not correctly describe the ground state. The
comes about because the minimum cut is the “bottledata are, however, fit quite well by the form

neck” through which all flow must pass. To apply this _

algorithm, a finite three-dimensional graph is constructed W2(L) = C + Aln(L) + B In*(L), 3)
whose minimum cut directly corresponds to the minimum ith the constants being given bg = 0.022,0.39,

energy interface in the height model. For the DS an I — 0.023.0.34. and B — 0.0064,0.060. for the DS and

TISOS models, graphs can be constru_ct_ed. whose minlI"ISOS models, respectively. The fact that these co-
mum cut surfaces lack overhangs and minimize the APPIOsce ionte satisfS/A — 2(BC)'? to within a 10% error

priate energies. For example, the graphs for the TISOI§ dicates that the width is well fit by the form
model have the same topology as for the random-bong-" "~ C'2 + B2 In(L) even forL ~ 10

Ising model (RBIM) as described in [12], but the disorder ' . : )

is periodic in the (111) direction (in RBIM, the disorder We find that even stronger evidence for the super-rough

is uncorrelated). Once the corresponding graph is cor’Qhase withW2(L) ~ In*(L) is found by examining the
structed, the maximum-flow and minimum-cut algorithmS'ample""“’er"’lged structure faCtd@)' Th_ese_structure
can be directly applied. Specifically, the push-relabel alfCtors must, of course, be consistent with #ié data,
gorithm and code developed by Cherkassky and Goldbelﬁm the shape of these curves for differdnshows that
[13] was adapted to the sparse graph considered here. 1€ Structure factor data have converged well for the

We also employed another network optimization algo-SaMPple sizes we examine, so that the curvature ofithe
rithm, namely, the minimum-cost perfect matching prob—pIOtS on a logarithmic 3% IS not an ar_ufagt of small
lem [11]. We perform a direct calculation based on theSyStém sizes. Plots of*S(k) are shown in Fig. 3 for
dimer representation. As discussed above, this matchin?fe DS and TISOS models. The structure factors are
problem is that of finding a set of dimers that cover thelound to be isotropic for smalk; this is indicated by
lattice with minimum cost. The ground-state problem ofthe convergence af(k) to a single value for alk with
the TISOS model is precisely of this type when formu-the same magnitude ask — 0. If the coefficientB in
lated in terms of dimer coverings since such covering€d. (3) were zerok>S(k) would approach a constant at
are perfect matchings on the hexagonal lattice. Moreovegmallk. Such convergence is clearly seen, for example, in
unlike the three-dimensional graphs needed in a flow alwork on the TISOS modekithoutdisorder [16]. For the
gorithm, the graph here remains planar, and much |argedi$0l’del’ed model, the data do not converge to a constant
systems can be studied with the same computer resource®/er the lengths we examined; it is instead fit very well
this allows us to more clearly distinguish?(@) from by alogarithmic divergence. The analysis of the structure
In(L) roughness in the TISOS model than the minimum-
cut algorithm. Standard algorithms [11,14] are sufficient
to solve the problem for smaller systems. We have devel-
oped a heuristic algorithm, making use of routines from
the C++ LEDA library [14] to implement the minimum-
cost dimer-matching algorithm. The final sequential code,
running on a single IBM RS/6000-390 work station, takes
about 1, 15, and 25 minutes to find the exact ground
state for system sizes aof = 192, 420, and 540, re-
spectively, for one instance of disorder realization. De-
tails of the algorithm’s implementation will be presented
elsewhere [15].

The interface widths, configurational energy, and struc- el
ture factor were calculated for the ground states for . .
samples of various sizes. These quantities were then aver- 00 10 20 3.0
aged over at least 2000 samples of each size. The largest log,, L
length scales for which these many samples were studieelG. 2. Sample-averaged interface widths for the DS and
wereL = 200 and 420 for the DS and TISOS models, re- TISOS models, as a function of system sizeon a logarithmic
spectively. The sample-averaged results of our numericgicale. The DS square widthg> have been multiplied by a
calculations are summarized in Figs. 2 and 3. scale factor of 10 for comparison with the TISOS results. The

. . actional statistical errors if2 are less than 0.5%; this error
_flgureZZ—ShOV\és the averaged squared Sample Wldﬂ{ about half the size of the symbols in the plot. The lines are
W2 = {n?} — {r}* as a function of sample size. The quadratic fits to all of the data shown: residual errors are within

W2(L) curve is not fit well by a straight line on this twice the statistical uncertainty for all points.
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2.1

; malization group calculations and in disagreement with
oL s the predictions of the lowest-order variational approach.
191 % :tfigoﬂﬁsogs 1 Our results are much clearer than previous numerical
o * work at finite temperature [3,6,7], since the algorithms
7T § ] quickly find exactground states, so that we can aver-
o age over many realizations of larger systems, and we also
157 « %;M 1 study the models far fronT,, so that the coefficient of
?x o) e the Ir?(L) is larger. Although the results found here ap-
sy ] ply strictly to 7 = 0, their agreement with those obtained
%% * by RG just belowr’, strongly suggests that the’(i.) be-
v %’% ] havior holds in the wholg" = T, glassy phase. These
‘ algorithms can be directly extended to study flux lines in
%920 10 0.0 many different types of disorder, including columnar and
log,, k splay defects.

FIG. 3. Sample-averaged structure factors for the DS an% We thank M. Kardar and C. Henley for useful dis-
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data over a factor of 2 ik?. As k*> — 0, k2S(k) for a
logarithmically rough interface would approach a constant; the

apparent logarithmic divergence @fS(k) indicates that the
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