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ABSTRACT

The helicity formalism is developed in detail and used to
obtain final state angular distributions in relativistic scattering
and decay processes. The topics covered inclﬁde properties of
rotation operators, construction of helicity states, scattering and
decay amplitudes, the parity of helicity states, and the treatment

of identical particles.
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1. Introduction

This paper is a pedagogical guide to the helicity formalism, which is the pre-
ferred method for obtaining angular distributions in most relativistic scattering
and decay processes. The first question that arises is: Why don't we use the
spin-orbit formelism that was developed in non-relativistic quantum mechanics?
After all, total angular momentum is always conserved, and one should still be
able to obtain the total angular momentum operator simply by adding the orbi-
tal and spin angular momentum operators for the particles. The problerm is that
these operators are defined in reference frames that are not at rest with
respect to one another. The orbital angular momentum operator is defined in
the center of mass (CM) frame, whereas the spin operaters are defined in the
rest frames of the particles. This leads to some technical preblems in describ-
ing the spin states which, however, can be overcome (1). The helicity formalism
is well suited to relativistic problems because the helicity operator A = S - D is
invariant under both rotations and boosts along #. As a consequence, one can
construct relativistic basis vectors that are either eigenstates of total anzular
momentum and helicity, or of linear momentum and helicity.

In preparing this paper the author relied on the original paper of Jacob and
Wick (2), as well as treatments by Chung {3), Perl {¢), Lifshitz and Pitaevskii {3),
Martin and Spearman (8), and Jackson (7). The phase conventicrns ars the same
as those used by Jacob and Wick.

Before plunging into the details, it iz useful to give a brief overview cf the
main ideas. Consider a decay process, a » 1 + 2, where a has spin J and spin-
projection M along an arbitrarily deﬁned z-2xis. We chcose tha rest frame of
in which its state vector is |/,#}. The amplitude for the final state particles 1,2

to have momenta 7, = @, and g; = —P; and helicities A; Az is

A=/*1=ﬁI.A1; ﬁ2=—ﬁf,?\giU|Jf»l> (11)
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The final state is referred to as a two-particle plane-wave helicity state. Here U
is the time-evolution operator that propagates the initial state through the
interaction. Bec'ause particles 1,2 have equal and cpposite momenta in the CM
frame, we can characterize the final state by the direction #(8,¢) of the decay
axis with respect to the z-axis (spin-quantization axis of &), by the magnitude p
of either particle's momentum, and by the helicities A;,Az. Thus (suppressing

p because it is fixed)
A={8.p A\ |U|JH} (1.2)

Because |A|? is the probability for the particles to emerge with polar angles
8.¢, if we can calculate (1.2), we have the angular distribution. Typically the

experiment does not measure the helicities A;, Az, so they must be siummed over.

The key idea in the helicity formalism is that rotational invariance of the
helicities allows one to define a set of two-particle basis states |j,m A Az} that
have definite total angular momentum 7, angular momentum projection m, and
helicities A;,Az. We can then exploit conservation of angular momentum by

inserting a compilete set of these states into Eq. (1.2).

A= N {8\l MmN m AN U TH

im

= 2 {8.¢. A he]d ALy EmurS s An, (1.3)

m

= <9.§0.A1.)\2 r J.M‘MJ\QAMAQ
It will be shown that
A = constant X Dfif (9.8.~9)Axp, (1.4)

where A =A; —Ag. This result has a simple interpretation. For a decaying
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particle a with spin projection M along z, the decay amplitude is equal to the
amplitude for its spin to have projection A = A; — A; along the dacay axis 2(9.¢),

multiplied a constant 4, giving the coupling to the final state helicities.

The plan of this paper is to derive some properties of rotation operators, to
use them to construct the plane-wave and total angular momentum helicity
states mentioned above, and then to calculate the scattering and decay angular
distributions. Finally, parity and the treatment of identical particles in the hel-

icity formalism are discussed.

2. Rotation Operators and the Df.4(xgy) Fanctions

In this section we derive several results that will be required for the
development of the helicity formalisn. Especially important are the
Dipu(cBy) functions, which are matrix elements of the rotation operator 7{af7y)

between angular momentum eigenstates.

2.1 The Rotation Operator R(a8y)

We adopt the active view of rotations in which the Cartesian coordinate axes
Xyz are fixed, and the physical system is rotated with respect to them. The rota-
tion is specified by attaching another coordinate system XYZ to the physical sys-
tem and measuring the Euler angles of XYZ with respect to the xyz axes. Refer-
ring to Fig. 1, we see that an arbitrary rotation P{agfy) can be constructed from
'3 successive rotations: 1) a rotation about the z-axis by an angle &, taking Oy
into Ou; 2) a rotation about the u-axis by an angie §, taking Oz into 0Z; and
finally, 3) a rotation about the Z-axis by ¥, taking Ou into OY. The complete rota-

tion is therefore
R(aBy) = Ry R, (PR, () = e 7 Tg g 2.1)

where we have used the fact that a rotation about a given axis 7 is generated by

the angular momentum operator J - #. Equation (2.1) for the rotation operator









































































































